AMENABILITY OF ALGEBRAS 
OF APPROXIMABLE OPERATORS 



A. BLANCO AND N. GR0NB^K 
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, Abstract. We give a necessary and sufficient condition for amenability of tlie Banach 

^— ^ ' algebra of approximable operators on a Banach space. We further investigate the rela- 

tionship between amenability of this algebra and factorization of operators, strengthening 
known results and developing new techniques to determine whether or not a given Banach 
space carries an amenable algebra of approximable operators. Using these techniques, we 
are able to show, among other things, the non-amenability of the algebra of approximable 
, operators on Tsirelson's space. 
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. 1. Introduction 

I Let ^ be a Banach algebra and let Af be a Banach space which is also an ^-bimodule. 

?3 ' Then is a Banach ^-bimodule if there exists a constant M so that ||a-x||<M||a||||x|| 

and ||x • a\\ < M||a||||x|| {a £ A, x (z X). A (continuous) derivation from ^ to A" is a 
(bounded) linear map D : A ^ X that satisfies the identity 

>■ D{ab) = D{a)-b + a- D{b) {a,b £ A). 

CSJ , Every map of the form a^a-x — x-a{aGA), where x G is fixed, is a continuous 

\ derivation. Derivations of this form are called inner derivations. 

^ If is a Banach ^-bimodule, then its topological dual, X* , is also a Banach ^-bimodule 

Q ■ under the actions 
00 ' 

(a-/)(x) :=/(x-a) and (/ • a)(x) := /(a • x) {a e A, x e X , f e X*). 

The Banach algebra A is said to be amenable if, for every Banach ^-bimodule X, every 
continuous derivation D : A ^ X* is inner. 
^ I For example, the group algebra, L^{G), of a locally compact group is amenable if and 

only if the group G is amenable [13]; a C*-algebra is amenable if and only if it is nuclear 
[U [11] ; and a uniform algebra on a compact Hausdorff space is amenable if and only if 
it is C(0) [ig. 

In this note we shall be concerned with the amenability of the algebra A{X) of ap- 
proximable operators on a Banach space X, i.e., the operator norm closure in B{X) of 
the ideal J^{X) of continuous finite-rank operators on X, where B{X) denotes the algebra 
of all bounded linear operators on X. (When X has the approximation property, A{X) 
coincides with the ideal of compact operators on X.) In this setting the main problem is 
to characterize amenability of A{X) in terms of properties of X. 

The study of amenability of A{X) goes back to [13], where it is shown that A{X) is 
amenable if X = ip for p E (l,oo), or X = C[0,1]. Further progress in the study of 
amenability of this algebra is made in |9j. In this last paper a geometric property, called 
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property A, is introduced, and it is shown that Banach spaces with this property carry 
amenable algebras of approximable operators. Banach spaces with property A include all 
classical Banach spaces, >Cp-spaces {1 < p < oo), spaces with a subsymmetric, shrinking 
basis, and certain kinds of tensor product of Banach spaces with property A. 

In this note we continue the study of amenability of the algebra A{X). Building upon 
ideas from [9] we shall develop new techniques that will allow us not only to improve several 
results from [9] but also to answer some of the questions left open there. In particular, we 
will show that the algebra of approximable operators on Tsirelson's space is not amenable. 
An important fact that should become apparent throughout these pages is that a full 
understanding of amenability of A{X) will necessarily rely on a good understanding of 
the finite-dimensional case. 

The paper has been organized as follows. In the next section, we have gathered some 
terminology and basic facts we need. In Section 3, we give a necessary and sufficient 
condition for amenability of A{X). Unfortunately, practical use of this condition depends 
on our capability to find good estimates for the projective norm of certain elements called 
generalized diagonals. In Section 4, we follow a different approach. The results of this sec- 
tion are to a great extent motivated by the notion of approximate primariness introduced 
in [9]. We explore some of the ideas behind this notion, specially, its connection with fac- 
torization properties of operators. Finally, in Section 5, we establish the non-amenability 
of A{X) for every Banach space X in a certain family of Tsirelson-like spaces. In doing 
this we shall rely on results from the previous sections. 



In this section we have gathered some notations and basic results that we shall use 
throughout these pages. 

To simplify the statement of the results, we shall denote by ioo the linear space, usually 
denoted by cq, of all bounded scalar sequences tending to zero. Given a normed space X 
we denote by X* its topological dual, X and Y are isomorphic (resp. isometric) normed 
spaces, we write this as X ~ y (resp. X = Y), and denote by d(X,Y) the Banach- 
Mazur distance between them, that is, the infimum of numbers ||T||||T~^||, where T is an 
isomorphism between X and Y. 

The adjoint of an operator T : X ^ Y is denoted by T* and we write rgT (resp. rkT) 
for the range (resp. rank) of T. The identity operator on a normed space X is denoted by 
Ix or just / if the space X is clear from context. 

By the inversion constant of a surjective linear map, Q : X ^ Y, between Banach spaces 
we mean the operator norm of the inverse of the linear isomorphism Q : Xj ker Q — > y 
induced by Q, that is, Given Banach spaces X, Y and Z, a bilinear map ip : 

X X Y ^ Z will be said to be M-open if for every z € Z there exist x £ X and y £ Y 
such that ip{x,y) = z and ||a;||||y|| < M||2:||. 

We write || • ||a (resp. || • ||) for the projective (resp. operator) norm. If two norms, || ■ ||i 
and II • II2, on a linear space are equivalent we write this as || • ||i ~ || • II2. Given a set of 
vectors {cj : i € /} in a Banach space, we denote by [ej]jg/ the closure of its linear span. 

Let e = (cj) be a 1-unconditional basis for the Banach space {E^ || ■ ||)) and let (Xj, || • ||j) 
be a sequence of Banach spaces. We let 
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endowed with the norm := || J2i It is well known that (©j^j)e isaBanach 

space. Moreover, if the basis e is in addition shrinking, then its topological dual can be 
isometrically identified with the space {Q^X*)e* , where e* stands for the 1-unconditional 
basis of E* formed by the biorthogonal functionals associated with e. When e is the unit 
vector basis oi £p {1 < p < oo) we write (0^ Xi)p instead of (0^ Xi)e- 

Given a Banach space, E, with a 1-unconditional basis e = (ej) we denote by E'^ the 
space [ej]™^. If X is a Banach space we denote by £""(X) (resp. E{X)) the Banach space 
(0^Xi)e, where Xi = X , 1 < i < m, and Xi = {0}, i > m (resp. Xi = X for all i). In 
particular, £p{X) (resp. £^{X)) denotes the £p-sum of countably infinitely many (resp. m) 
copies of X. When appropriate, we may for n € N identify E^{X) with i?" ® X. 

Given Banach spaces X and Y we write A{X,Y) (resp. J-{X,Y)) for the Banach 
(resp. normed) space of approximable (resp. finite-rank) operators from X to Y. When 
appropriate we shall identify J^{X, Y) with X* ®Y, so that for x* € X* , y (zY the rank-1 
operator x i-^ x*{x)y is denoted x* When X = Y we simply write A{X) (resp. !F{X)). 
Likewise we shall use tensor notation for operators E''"'[X) ^ E"'{X) for a Banach space 
E with a 1-unconditional basis and an arbitrary Banach space X so that, for m, n € N we 
identify AiE"" {X) , E'^ {X)) with ^(E™, O ^(X). 

For any Banach space X and positive integers n > m, there is a natural isometric 
embedding E"^{X) ^ E"'[X) which in turn induces an isometric Banach algebra homo- 
morphism A{E'^{X)) ^ A{E"'{X)). Letting m and n vary we obtain a direct system 
of Banach algebras and isometric Banach algebra homomorphisms. Its inductive limit is 
also a Banach algebra that we denote by Ao{E{X)). Note that Ao{ip{X)) = A{ip{X)), 
1 < p < oo. 

Recall that a Banach space X is said to have the A-bounded approximation property 
(A-BAP in short) if there is a net (T^) C J^iX) of bound A converging strongly to the 
identity operator on X. We write this last as Ix- If) in addition, the T^'s can be 

chosen to be projections then X is called a -7r;j-space. A Banach space is said to have the 
bounded approximation property (BAP in short) if it has the A-BAP for some A, and is 
said to be a vr-space if it is a vTA-space for some A. 

Recall that a bounded net (bq.) in a normed algebra A is called a bounded approximate 
identity (BAI in short) for A if lim^ e^a = lim^ aca = a {a G A). A normed ^-bimodule, 
X is essential, if ^ • • ^ is dense in X. Clearly, if A has a BAI, then this BAI is also 
a BAI for any essential ^-bimodule. It is well known that the algebra of approximable 
operators on a Banach space X has a BAI of bound A if and only if X* has the A-BAP 
[TOl Theorem 3.3], [24J. 

Lastly, there is an intrinsic characterization of amenability that is particularly useful in 
this setting. Precisely, a Banach algebra A is amenable if and only if it has an approximate 
diagonal, i.e., a bounded net (da) in A<S^A such that TT{da)a a and ada — daa 
(a G A), where vr : A^A ^ A, a^b ab [14, Lemma 1.2 and Theorem 1.3]. The Banach 
algebra A is said to be AT-amenable if it has an approximate diagonal of bound K. The 
smallest such K is called the amenability constant of A. 

Other definitions and results shall be given as they are needed. 

3. Property A revised 

Recall from [9j that a Banach space X is said to have property A if there exist a constant 
K > and a bounded net of projections (Pa) C A{X) such that 
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i) Pa ^ Ix; 

ii) P*^Ix'; 

iii) For each a there is a finite group Ga C J-{Xa) whose hnear span is J-{Xa) and 
such that max.x^Ga ll^ll ^ ^ (where = rgP^). 

Property A was introduced in [9] in an attempt to explain amenabihty of A{X) as a con- 
sequence of some sort of approximation property. Indeed, Banach spaces with this property 
must carry amenable algebras of approximable operators [9l Theorem 4.2]. Though we 
believe the converse is unlikely to be true, no example of a Banach space X without prop- 
erty A and so that A{X) is amenable seems to be known. The main result of this section. 
Corollary 13.31 below, is a characterization of amenability of the algebra of approximable 
operators in terms of a property analogous to property A. 

We start with the following. 

Proposition 3.1. Let X he a Banach space such that A{X) is K-amenable. Suppose in 
addition that A{X) contains a bounded net of projections, {Pa)a£A, such that Pa Ix 
and P* Ix*- Then A{X) has an approximate diagonal {6a)a&A with the following 
properties: 

a) limsup„ H^qUa ^ -^-f^; where A = limsup„ ll^oll/ 

b) Tr{6a) = Pa {ae A); 

c) W ■ 5a = 5a -W for every W G PaA{X)Pa {a G A); and 

d) For every a (z A there exists (3 = P{a) G A such that 5a G A{X)Pfj Pf^A{X). 

Proof. Let {di)i^i be an approximate diagonal for A{X) bounded by K. Since Pa — > Ix 
and Pa — > Ix*-, we can assume, without loss of generality, that for every i G / there exists 
/?i G A such that di G A{X)Pp^ ® Pp.A{X). Let x G X and x* G X* be fixed vectors such 
that x*{x) = 1, and let {sa) be a net of positive numbers converging to zero {Sa = l/rkP^ 
(a G A) win do). 

Given i I, let $i : X* X ^ ^{^) ® ^{^) be the linear map which is defined on 
elementary tensors by ® £,) := x* ® ^ ■ di ■ ^* ® x. It is readily seen that <I>i is an 

jF(X)-bimodule morphism. 

For each a ^ A choose i{a) G / 'big enough' so that 

(1) |l - X* (tT x) \ < Ea, 

and 

(2) \\^i^a){Pa)- Pa■d,^a)\\^<£a■ 
Smce {7r{di)) is a bounded approximate identity for A{X), it is clear that ([1]) holds for 
every i £ I 'big enough'. To see that the same is true about ([2]) note that for every i G / 
we have 

<^iiC (^0 -t (^^-di = X* (g)^-di-t (^x-C (^C-di 

= x*^C-{dt-C<^x-C^x-di) (CgX, TgX*). 

This last, combined in the obvious way with the facts that Pa is finite-rank and that (di) 
is an approximate diagonal, gives the desired conclusion. 
Now define a new net {5a) G AiX)0A{X) by 

5a •■= ><a^i{a)iPa) {a £ A), 
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where = l/x*(7r((ij(„))x). We show next that (Sa) has all required properties. First 
note that 

\\Sa\\A = ><:a\\^i{a){Pa)\\A < || -Pa ' 'ij(a) || A + >^a || (-Pa) - -Pa ' (^1(0) || A 
< -^a 1 1 Pa 11-^ ~l~ -^a^^aj 

and so, limsup„ ||5a||A < Ai^, that is, (a) is satisfied. 

That {6a) satisfies (6) follows immediately from its definition above and the definition 
of $j. As for (c), just recall that is J^(X)-bimodule morphism so W ■ 5a = Sa • W 
whenever WPa = PaW. By our assumption about (dj), at the beginning of the proof, it 
is clear that (d) is satisfied too. 

Finally, since Pa —>■ Ix and P* Ix* ■, we have that 

W -Sa-Sa-W = {W - PaWPa) ■ 6a + 6a ■ {PaW Pa - W) ^ {W G A{X)). 

Obviously, {Tr{6a)) is a BAI for A{X), so, {6a) is an approximate diagonal for A{X). □ 

Thus, if A{X) is amenable and has a net of projections as in the lemma, then it has an 
approximate diagonal whose elements behave themselves like diagonals in a sense that we 
make more precise in the next definition. 

Definition 3.2. Let X and Y be finite- dimensional Banach spaces, and let A be a sub- 
algebra of J-{X). We call an element A G J^{Y, X)®!F{X,Y) a generalized diagonal {g.d. 
in short) for A, if 

i) WA = AW {W E A); and 

ii) tt{A)W = W {W e A). 

It is easily seen that when A = J^{X), an element A G T{Y, X)iSiJ^{X,Y) is a gen- 
eralized diagonal for A if and only if there exists an ^-bimodule morphism p : A ^ 
J^(y, X)^J'{X, Y) so that vr o p = and p{Ix) = A. Furthermore, if (xfc)^^i and (yi)r=i 
are bases of X and Y, respectively, then it follows from this last observation, that A can 
be written as 

(3) ^ = J X^fc^^i ® ^^*k ® 

for some scalars aij satisfying X^i — where, as is customary, the 7/*'s (resp. the 
x^'s) denote the biorthogonal functionals associated with the basis (resp. (xfc)^-^). 

Conversely, it can be easily verified that every element of the form ([3]) is a generalized 
diagonal for J^{X). 

Now the main result of this section is merely a restatement of Proposition 13.11 in terms 
of generalized diagonals. 

Corollary 3.3. Let X be a Banach space. Suppose A{X) contains a bounded net of 
projections, {Pa)a€A, such that Pa Lx and P* -->■ Lx*- Set Xa = rg Pq, {a ^ A). Then 
A{X) is amenable if and only if there is a constant K > such that for every a A there 
exists (3 = (3{a) € A such that J^{Xp,Xa)®J'{Xa,Xj^) contains a generalized diagonal for 
J-{Xa) of norm no greater than K. 

Proof. First suppose A{X) is amenable. By Proposition 13.11 A{X) has an approximate 
diagonal, {6a)a&A-, satisfying {a)-{d) of the same proposition. For each a G A, let /3 = 
(3{q) € a be as in {d). Let (resp. P|) denote the corestriction of Pa (resp. Pp) to its 
range, and let la ■ Xa X (resp. : Xp X) denote the canonical embedding of Xa 



6 



A. BLANCO AND N. GR0NBjGK 



(resp. Xp) into X. Then define G T{Xf^, Xa)<SiJ^{Xa, Xp) by := ^ai^a), where 
'■ A{X)^A{X) T{Xp, Xa)'^J-'{Xa, Xfj) is the linear map defined on elementary 
tensors by ^aiR ® S) := PaRi/s <8) P^S la (R, S £ A{X)). It is easy to verify that Aq, is 
a g.d. for T{Xa) {a G A). The desired conclusion now follows on noting that the family 
{^a)aeA is uniformly bounded. 

Conversely, for each a £ A, let Aq, G T{Xp, Xa)(SiJ^{Xa, Xp) be a g.d. for T{Xa) 
of norm < K, and let ■ ^{Xp, Xa)®J^iXa, Xp) ^ A{X)^A{X) be the linear map 
defined on elementary tensors by ^aiU V) := laUPp (g) ipVP^ {U G J^{Xi3,Xa), V G 
J^{Xa, Xp)). Then (^'^(Aq,)) is an approximate diagonal for A{X). □ 

Remark 3.4. If X is not a vr-space but still X* has the BAP, as must be the case if A{X) 
is amenable [9], then we can argue as follows. First, we choose a net of projections (Pa) 
in J^{X) such that Pa Ix and P* —> Ix*- Such a net, of course, would be necessarily 
unbounded. Then we choose a bounded net (Tq) in J-{X) such that PaTa = Pa = TaPa 
for every a, and set X^ '■= rgTc,. It can be shown that A{X) is amenable if and only if 
there is a constant K > {) such that for every a € A there exists /? = P{a) G j4 such that 
J^{Xp, Xa)(>^J^{Xa, Xp) contains a generalized diagonal for Aa = Pa\^"A{X)Pa\xa{^ 
J-{Xct)) of norm no greater than K (here Pa\Xa and -Pa]"''"" denote the restriction and 
corestriction, respectively, of Pa to Xa)- 

Remark 3.5. Note that (iii) of the definition of property A guarantees the existence of 
a diagonal (and hence a generalized diagonal) for !F{Xa) in T{Xa)^T{Xa) whose norm 
does not exceed K, namely, Z^TeGa ^ ^ . 

Example 3.6. Let (n^) be an unbounded sequence of positive integers, and let 1 < p 7^ 
q < 00. It is shown in [9l Theorem 6.5] that the algebra A{{^f.lp'')q) is amenable. It 
seems to be unknown whether or not this algebra has property A. However, it is relatively 
easy to show that this algebra satisfies the condition of Corollary 13.31 Indeed, fix i G N 
and let m = max{ni, . . . ,ni,i}. The algebra J^(£^(£™)) has a diagonal A^, of norm 1 
(see the discussion below). (Furthermore, note that A^ can be given explicitly.) As (n^) 
is unbounded, there are positive integers ki < k2 < . . . < km so that m < minjnfc^, : 1 < 
j < m}. Clearly, we can think of (©j=i^p^)g =: Xi (resp. ^^(^^)) as a 1-complemented 
subspace of £^{£^) (resp. (S-^iOg =: XkJ. Let Pi : i^{£^) ^ X^ and P2 : X^^ ^ 
£™(£™) be the natural projections, and let ti : Xi ^ •^™(^™) and 12 : -^^(^^T) ^ ^fc^ be 
the corresponding inclusion maps. It is easy to see that the image of A^ by the linear 
map ^(^™(^^))§^(^™(^™)) ^ J'{Xk^,Xi)^:F{X,,XkJ, R^S ^ P1RP2 ® 12811, is a 
generalized diagonal for T{Xi) in J^{Xk^, Xi)0j^{Xi, Xk„J of norm at most 1. The rest 
is clear. 

It can be shown that if X is a Banach space so that A{X) is X-amenable then A{ip{X)) 
is X-amenable for every 1 < p < 00 and n G N. Indeed, let Ti be the group of permutation 
matrices generated by a cyclic permutation of the unit vector basis of ip, and let Q = 
{diag(t)cj : t G {±1}", a G H}, so Z^gee S^9~^ is a diagonal for A{£p) Example 3.3]. 
Let (da) be an approximate diagonal for A{X) of bound K, and choose for each da 
a representation J2j^a,j ® ^a,j such that ll^oj II IlKij II ^ K. Then the elements 

'■= ]^ Ylj,gi9®Ua,j)'Si{g~^ i^Vaj) G A{ip{X))^A{ip{X)) form an approximate diagonal 
for A{ip{X)) of bound K. Crucial in establishing this last is the fact that the g's are 
permutation matrices, as it seems £p{X) is rarely ever a tight tensor product in the sense 
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of O Definition 2.1]. This is better exemplified through our next result, which extends 
Theorem 2.5 of [9j. 

Proposition 3.7. Let E be a Banach space with a 1 -unconditional basis e = {en)- {Recall 
= [ej]".) Suppose there is K > so that for each m G N there exists n > m such that 
T{E"' , E"^)^J^{E"^ , E^) contains a generalized diagonal Am with the following property: 
there exists a representation Yli=i Rm,i® Sm,i of Am such that ||-Rm,j||||'S'm,,j|| < K and 
the matrix representation of each Rm,i {resp. Sm,i) with respect to the 's has at most 
one non-zero entry in each row and column. If X is a Banach space such that A{X) is 
M-amenable then Ao{E{X)) is K M -amenable. 

Proof. Let {da) be an approximate diagonal for A{X) of bound M. For each da choose a 
representation Ua^j ® Vaj such that \\Uaj || \\Va,j \\ < M. We show that the elements 
Sm,a '■= j{Rm,i "X" Ua,j) {Sm,i ® ^a,j) form an approximate diagonal of bound KM for 
First note that Rm,i ® Uaj G A{E'^{X), E'^{X)) C Ao{E{X)) and for any set 
of vectors xi, X2, . . . , x„ in X we have 



Rm,i®Ua,j(^^l^^ 



Ck (8) Xk 



< 



^2_^^Rm,i{ek) «) Uaj{Xk) 
|y^^, \\Ua,j{xk)\\Rm,i{ek) 
\Rm,i\\\\Ua,j\\ ^ Cfc ® Xk 



where the second equality follows from the fact that there is at most one non-zero entry in 
each row and column of the matrix representation of Rm.i with respect to the e^'s. Thus 
Ua,j\\ < \\Rm,i\\\\Ua,j\\. Likewise, Sm,i®Va,j G A{E"'{X),E''{X)) C Ao{E{X)) 



\\Rm,i 

and \\Sm,i ® Vaj., _ 

\\Sm,a\\A < KM. 

In order to verify that 7r((5; 



Vr 



0!,J I 



Combining these estimates we readily obtain that 



,)W -^W andW ■ 6m,a - Sm,a -W ^0 {We Ao{E{X)) 



it is clearly enough to look at operators W of the form Ers ® T where Ers = 
T G A{X). The procedures are standard, so we leave the details to the reader. 

An immediate consequence of the above is the following. 



Cs and 
□ 



Corollary 3.8. Let {uk) be an increasing sequence of positive integers, let 1 <p,q<: oo, 
and let X be a Banach space such that A{X) is amenable. Then Ao[{^f^£p'''{X))q) is 
amenable. In particular, if q > 1 then A{{^j^£p''{X))q^ is amenable. 

Proof. The space {^k^p'')q satisfies all hypotheses of Theorem 13.71 (see Example 13.61 
above). □ 



Corollary 13.31 essentially reduces the study of amenability of algebras of approximable 
operators on vr-spaces to the problem of finding the minimum among the norms of all 
generalized diagonals for J'{X) in !F{Y, X)0j^{X,Y) with X and Y finite-dimensional. 
Here, of course, the main difficulty arises in estimating the projective norm. In some 
cases, this task can be further simplified. For instance, let the basis {yi)f^i of Y be 1- 
unconditional. Set pij = Ylkiv*] ® ^k) ® {x% ® Vi) (1 < i,j < n). Then, while looking 
for generalized diagonals of minimum norm, we can restrict our attention to convex linear 
combinations of the pi/s. Indeed, in this case we have that 



(4) 



> 



j Pi i 
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To see this, consider the hnear operator 

$ : T{Y, X)0T{X, Y) T{Y, X)®T{X, Y), i? ® S ^ 2"" ^ _ ^ i?C/t UtS, 

tG{ — 1,1}^ 

where Ut G ^(Y) is defined by Ut{yj) := tjyj (1 < j < n). It is clear that ||$|| < 1, and it 
is not difficult to see that j Pj,i) — Yli^i,iPi,ij whence the inequality. As for the 

equality, let A G ^(Y) be defined by A(yj) := XiUi, where Aj = ai^/\ai^i\ (1 < i < n), and 
let $A be the linear map defined by 

R^S ^ R^AS {R£j^{Y,X),SeT{X,Y)). 

Then is an isometry and '&A(ai,iPi,i) = \ai^i\pi^i (1 < i < n), so the equality follows. 
The claim that we can restrict our attention to 'convex' linear combinations now follows on 
combining ^ with the fact that the sum of the diagonal coefficients in the representation 
([3]) must be 1. 

Remark 3.9. It is not hard to see that the sequence (pi^i) has the same basis, unconditional 
and symmetric constants as the basis (y^). 

It was asked in [S] whether or not the Cp spaces of W. B. Johnson (1 < p < oo) carry 
amenable algebras of compact operators. This question has an interesting interpretation 
in terms of generalized diagonals. We consider the following more general situation. 

Let (Xn) be a sequence of finite-dimensional Banach spaces dense in the Banach-Mazur 
sense in the class of all finite-dimensional Banach spaces, and let e be an unconditional 
shrinking Schauder basis. Define Cg := (©„A'„)e. It is readily seen from Corollary 13.31 
that the algebra A{Ce) is amenable if and only if there exists an absolute constant K with 
the following property: 

For every finite- dimensional Banach space X there exists a finite- dimensional Banach 
space Y so that !F{Y, X)0T{X,Y) contains a generalized diagonal for T{X) of norm at 
most K. 

We do not know if one such constant can exist. However, if X is a finite-dimensional 
Banach space with unconditional constant < A then, by a finite-dimensional version of 
a well known result of J. Lindenstrauss [19^ Remark 4], there exists a finite-dimensional 
Banach space Y with symmetric constant < A such that X is a 1-complemented sub- 
space of Y . Thus, J-{Y)(§)T{Y) contains a diagonal for J-{Y) of norm < A, and in turn 
!F{Y,X)®!F{X,Y) contains a generalized diagonal for J-{X) of norm < A. As a simple 
consequence of this we quote the following. 

Proposition 3.10. Let {Xn) he a sequence of finite- dimensional Banach spaces with un- 
conditional constant < A, dense in the Banach-Mazur sense in the class of all finite- 
dimensional Banach spaces with unconditional constant < A. Let e be an shrinking 1- 
unconditional Schauder basis. Then the algebra A'„)e) has property A. 

We should like to end this section by noting that, there is an analogue of Lindenstrauss's 
result, due to Johnson, Rosenthal and Zippin, which states that there is a universal con- 
stant C (< 16^2) gQ that every finite-dimensional Banach space is a 1-complemented 
subspace of a finite-dimensional space with basis constant no greater than C jl7i Corol- 
lary 4.12(a)]. 
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4. Amenability and 
equivalence of operator ideal norms 

Unfortunately, the characterization found in the previous section does not help very 
much when it comes to determine if the algebra of approximable operators on a given 
Banach space is amenable or not. In this section we take a different approach. 

Recall that a Banach space X is called approximately primary if, for every projection 
P G B{X), at least one of the product maps n : A{PX, X)^A{X, PX) A{X) or 
TT : A{{I - P)X,X)^A{X, {I - P)X) A{X) is surjective. This notion was introduced 
in [9], where it was shown that \iA{X) is amenable then X must be approximately primary. 
Moreover, also in the same paper (see the proof of [9l Theorem 6.9] and comments after 
it), it was shown that none of the following spaces is approximately primary: (.p © iq 
{1 < p, q < oo, p ^ q and neither p nor q is equal 2), £i © ig {q > 2) and ip © £oo (p < 2). 

Essential to the proof of this last result were the following: 

Fact 1) Given Banach spaces X and Y, if the space X (BY is approximately primary, 

then at least one of the product maps vr : A{Y, X)®A{X,Y) — > A{X) or 

TT : AiX,Y)^A{Y,X) A{Y) is surjective. 
Fact 2) For every Banach space X, the product map vr : A{£p, X)'S'A{X, tp) —i- A{X) 

is surjective if and only if the bilinear map ip : A{ip, X) x A{X, ip) —i- A{X) 

is open. 

The results of this section are, to some extent, generalizations of these two facts. We 
start by recalling some standard terminology. 

Let J- be the operator ideal of all finite-rank operators between Banach spaces so, for 
every pair of Banach spaces {X,Y) we have D B{X,Y) = J^{X,Y). Recall that an 
operator ideal norm on is a function 7 : ^ [0, oo[ that satisfies: 

a) "f\-p^^ p-^ is a norm for every pair of Banach spaces E and F; 

b) 7(/c : C ^ C) = 1; 

c) UAeB{Y,Yo), BeB{Xo,X) andT eT{X,Y) then -f{ATB) < P||7(T)||B||. 

It is well known that if 7 is as above then ||Tj| < 7(T) for every T € J^. Moreover, if 
T = f(^x then ||r|| = ||/|| ||x|| = -f{T) {x€X,f e X*). 

In the terminology of ^ §9] the operator ideal J- endowed with an operator ideal norm 
as in the above definition is a normed operator ideal. Of course, it will not be 'Banach' 
(i.e., complete). The reason for doing things in this way should become clear later on. 
Examples of operator ideal norms on are the restrictions of the classical operator ideal 
norms, like nuclear and vr-summing norms, to J-. 

Now the main result of this section reads as follows. 

Theorem 4.1. Let X and Y be Banach spaces, and let 7 and r be operator ideal norms 
on T . Suppose that 

i) A{X) has a BAI of bound A; 

ii) The multiplication it : A{Y, X)i^A{X,Y) A{X) is surjective with inversion 
constant j3; 

iii) 7 and r are equivalent on one of J^{Y, X) or T{X,Y), say c^ <t < C7. 
Then 7 and r are equivalent on T{X), specifically 
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Proof. Let F £ T{X) and let (r„) be a BAI for A{X) of bound A. Note that for any 
operator ideal norm 7 we have that liniQ j{F — TaFTa) = 0. Indeed, simply write F = GH 
with G,H e T{X). Then 

j{F-T^FT^) = j({G -T^G)H + T^G{H - HT^)) 

< \\G-TaG\\j{H) + X-f{G)\\H -HT^l 

which tends to as a —> 00. 

Let G G T{X) with ||G|| < A and let L > f3. Choose J^i^i Si £ A{Y, X)^A{X,Y) 
so that RiSi = G and ||S'i|| < XL. Then for any F £ J^{X) we have that 



.liRiSiFRjSj) < jiF)Y,. . \\R^Si.\\\\R,Sj\\ < -i{F)L'\^ 



\\iXiJi\\\\iXjOj\\ ^ ')\r )Lj 

Moreover, 



= ^ ( ( E>«^« - ^ ( El ^^^i) + ( El ^^-^^^ - G 



< II J]" RiSi - g||7(F)AL + ||G||7(F)|| J]" RjSj - G 

which tends to as n — 00. So, the series Y^ - ■ RiSiFRjSj is unconditionally 7-convergent 
in to the sum GFG. 

Assume that 7 and r are equivalent on J^{X, Y). Then 



c-f(GFG) < V c-/(RiSiFRiSi) < V c\\Ri\h(S,F)\\RiS 
< y \\Ri\\\\Si\\T(F)\\R^SA\ < L^X^t(F). 



Letting G = and a ^ 00 we obtain c-f{F) < L'^\^t{F). Likewise r(F) < L'^\'^G-i{F). 
A similar proof working with FRj rather than SiF gives the result in case 7 and r are 
equivalent on TiY^X). □ 

We now bring amenability into the picture. We start with the following refinement of 
P Theorem 6.8]. 

Proposition 4.2. Let X he a Banach space and let P : X ^ X he a hounded projection. 
Set Y = xgP and Z = Tg{I — P). If A{X) is K-amenahle then at least one of the 
maps TTi : A{Z,Y)®A{Y, Z) A{Y) or 1^2 : A{Y, Z)%A{Z,Y) A{Z) is surjective with 
inversion constant no greater than 4iir||P|| ||/ — P|| max{||P|p, ||/ — 

Proof. The proof is almost the same as that of [9l, Theorem 6.8], one only needs to keep 
track of the constants. 

Set P^ = P, P2 = I - P, A = A{X) and A^j = PiAPj {i,j = 1,2). Let A°i = 
TT{Aji0Aij) with the norm || • ||° inherited from A ji® Aij / {A ji^Aij Oker ir) via the natural 
isomorphism induced by the product map vr (i, j = 1, 2, i 7^ j). It is easy to see that 
< ||aM||||a°J|° {an € An, G A°i), i = 1,2. So A"^ is a Banach ^jj-bimodule, 
and An is a Banach ^°^-bimodule, i = 1,2. Let A° = {a £ A : PioPi £ A°^, z = 1,2} 
with the norm ||a||° = max{||PiaPi||MlPiaP2||, ||-P2aPi||, 11^20^211°} (a £ A°). Then 
\\aa°\\° < M||a||||a°||° and \\a°a\\° < M||a|| ||a° ||° (a £ A, a° £ A°) for some constant 
M < 2max{||Pi||2, IIP2IP }, so {A°, \\ ■ \\°) is a Banach Abimodule. 

The map D : A ^ A°, a 1— >• PiaP2 — -P2«-Pi = -Pio — aPi is a bounded derivation, and 
so, there is G € (^°)** such that Da = aC — Ca (a £ A). Furthermore, we can choose 
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C so that ||C||° < Js:M||i:»|| (see [H Theorem 1.3]). Let Cu = PiCPi G {A^)** and let 
li : —<■ An be the inclusion map {i = 1,2). It can be shown that aii{il*Cii) = Xiau = 
{ii*Cii)aii {an € An) for some Aj € C (i = 1, 2). Moreover, A2 — Ai = 1 and if Aj 7^ then 
A°i = An and i**Cii = Cu. (See the proof of Theorem 6.8] for details.) 

As A2 — Ai = 1, at least one of Ai or A2 must have absolute value greater than or 
equal 1/2. Without loss of generality suppose |Ai[ > 1/2, so we have A^^ = An and 
tl*Cii = Cu. Let (ca) be a net in A^i bounded by ||A]^"'^Cii ||° and weak-* convergent to 
A5"^Cii. Since aJ^(A5"^Cii) = a^^ = (Aj"^Cii)aJi, it is readily seen that 60,0^^^ — > a'^^ and 
aiiCo all weakly for every a^^ G A^i. A standard argument (see [U Proposition 2.9.14 
(iii)]) shows that Ali has BAI of bound HAj'^Cn ||°. 

Now let ail € be arbitrary. It is easy to see that Au is an essential yl^^-bimodule, 
so, by [51 Theorem 2.9.24], there exist e° G A^i and b G such that an = e°b, 
\\e°\\° < ||Aj"^Cii||° and < ||aii||. Thus, 

llaiiir < l|e°iril^|| < ||A^^C7ii||°||aii|| < 2||C||°||aii|| < 2i<:M||D|| ||aii ||. 

As ||PiaP2 - P2aPi\\° = max{||PiaP2||, ||P2aPi||} < ||Pi||||P2||||a|| {a G A), we find that 
ll-Dll < IIP1IIIIP2II, so 

llaiiir < 2i<rM||Pi|||lP2|||laii|| (an G Au). 
To finish the proof of the proposition, one just needs to note that the linear isomorphisms 
^2i§^i2 ^ A{Z, Y)^A{Y, Z), R®S ^ R\^z® ^Iy' and A{Y) An, T ^ iTPi, where 
I : Y ^ X denotes the inclusion map, have norms no greater than 1 and |jPi||, respec- 
tively. Combining these two last estimates with those previously found, we finally obtain 
that the inversion constant of tti cannot be greater than 2ErM||Pi||||P2|| max{||Pi||, IIP2II}, 
as claimed. □ 

Combining Proposition 14.21 and Theorem 14. II we obtain the following. 

Corollary 4.3. Let 7 and r he operator ideal norms on T . Let X he a Banach space 
such that A{X) is K-amenahle and let P : X ^ X he a hounded projection. Set Y = 
rgP and Z = vg{L — P). If j and r are equivalent on one of J^{Y,Z) or !F{Z,Y), say 
c"f < T < C7, then we must have ck~^7 < t < Ck^j on one of J-{Y) or J'{Z), for some 
K < 4K2||p||||j _ p|| niax{||Pf , ||/ - Pf}. 

Proof. By Proposition 14.21 at least one of the product maps vri : A{Y, Z)^A{Z,Y) — > 
A(Z) or 712 : A{Z,Y)0A{Y, Z) A{Y) is onto with inversion constant no greater than 
4K||P||||I-P|jmax{||P||M|/-Pf }. To fix ideas, suppose vri : A(Y, Z)^A{Z,Y) ^ A{Y) 
is onto. As A{X) is iiT-amenable it has a BAI of bound K, and so, A{Y) has a BAI of 
bound ir|lP|j. Now one just needs to apply Theorem 14. 1[ □ 

The estimate for k given in the last corollary is very unlikely to be sharp. However, 
to the effects of the present paper, the significant fact about it is that it depends only 
on the amenability constant and the given projection. The importance of this fact will 
be fully appreciated in Section [5.81 when we prove the non-amenability of A{T) for T the 
Tsirelson's space. 

Following are some important consequences of CoroUarv 14.31 

In what follows, we denote by Tp (1 < p < 00) the operator ideal of all bounded linear 
maps between Banach spaces that factor through ip endowed with the operator ideal norm 

-fp{T:X^Y) :=inf {||P||||5|| : X ^Ip^Y and RS = T}. 
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Recall also that a Banach space X is said to be of cotype 2 if there exists a constant C 
such that, for all finite subsets {xi, X2, • • • , Xn} of X, we have 

(x:,ii.,iif'%c2-.s,^,__^,.,llx:,,.,||. 

Corollary 4.4. Let X and Y he infinite- dimensional Banach spaces with the X-BAP. If 
none of them is isomorphic to a Hilbert space and if X* and Y are both of cotype 2 then 
A{X © Y) is not amenable. 

Proof. Since X* and Y are both of cotype 2, by Pisier's abstract version of Grothendieck's 
inequality |22l Theorem 4.1], we have that B{X,Y) = T2{X,Y), and hence that || . || ~ 72 
on J-(X,Y). Suppose towards a contradiction that A{X © Y) is amenable. By Corol- 
lary 14.31 either || . || ~ 72 on J-{X) or || . |[ ~ 72 on J-{Y). Suppose || . |[ ~ 72 on 
T{X), so, for some constant M we have 72(T) < M||r|l (T G T{X)). Let E C X 
be a finite-dimensional subspace. By [6, § 16.9, Corollary], there exists Te G ^{X) such 
that Te{x) = X {x ^ E) and ||Te;|| < A + 1. Let ie : E ^ X he the inclusion map. Then 
we have 

12{I\e) = 12{Teie) < l2{TE)hE\\ < M\\Te\\ < M{\ + 1). 

This last holds for any E, so, sup£;72(/|^) < M(A + 1). By [201 Proposition 5.2], 72(1) < 
M(A + 1), i.e., X is isomorphic to a Hilbert space, contrary to assumption. 

Analogously, if || . || ~ 72 on TiY), we find that Y must be isomorphic to a Hilbert 
space, contradicting the hypotheses once again. Thus, A{X © Y) cannot be amenable. □ 

Let 1 < p < 00. The p-th James space, C?p, is the completion of the linear space of 
complex sequences with finite support in the norm 

Z^n=i ~ '^J : m, ii, . . . , G N, 

m > 2 and ii < ... < 

It is unknown if A{^p) is amenable for any p. However, as a consequence of Corollary 14.41 
we have the following. 

Corollary 4.5. The algebra A{^p © 3*) is not amenable for any p € [2, 00 [. 

Proof. By [23, Theorem 1], 5* has cotype 2 and neither 3p nor ^* is isomorphic to a Hilbert 
space. So we can apply Corollary 14.41 □ 

Recall from ^20j that a Banach space X is said to be an >Cp-space if it contains a net 
(Xa) of finite-dimensional subspaces, directed by inclusion, whose union is dense in X, 
and such that sup^ < 00. 

Our next result generalizes [Ql Theorem 6.9]. 

Corollary 4.6. Let X be an Cp-space, and let Y be an Cq-space, where 1 < p,q < 00. 
Then A{X © Y) is amenable if and only if one of the following holds: 

a) p = q. 

b) p = 2 and 1 < q < 00. 

c) 1 < p < 00 and q = 2. 

Proof. Since the direct sum of two >Cp-spaces (resp. of an Cp-space with 1 < p < 00 and 
an >C2-space) is an £p-space, and the algebra of approximable operators on an >Cp-space is 
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always amenable [3 Theorem 6.4], it is clear that if (a) (resp. (6) or (c)) is satisfied then 
A{X © Y) is amenable. 

Now suppose that none of (a), (6) or (c) is satisfied. We want to show that A{X ® Y) 
is not amenable. By [211 Theorem 111(a)] and [3 Corollary 5.5], it is enough to consider 
the following two cases: (i) p < 2 < q, and (ii) p < q < 2. The case (i) follows from 
Corollary 14.41 above since for p < 2 (resp. 2 < q) an Cp-space (resp. the dual of an Cq- 
space) has cotype 2. In dealing with the second case we use the following result from jl8j . 
that we state as in [6j § 26.5. Corollary 2]: 

Theorem (Kwapieh). Let 1 < p < r < g < oo. Then B{£g,ip) = Tr{ig,ip). 

Let p < q < 2 and let r € ]p,q[- Using Kwapieh's theorem and [21, Theorem 111(c)] it 
can be shown that there exists a constant M so that 

sup{7r(T|£;) : E CY a finite-dimensional subspace} < M||r|| (T G B(Y,X)). 

By [22, Corollary 8.9], there is an L^-space so that B{Y, X) = Tl^Y, X), where Tl,{Y, X) 
denotes the space of all operators from X to y that factor through L,. with the norm 
lLr{T) := inf{||i?|| US'!] : X Lr Y and RS = T}. Assume towards a contradiction 
that A{X © Y) is amenable. Then, by Corollary 14. 3[ either 7/,^ ^ || . || on J-{X) or 
iLr ~ 11-11 on ^0^)- We show that none of these can happen. Indeed, suppose to fix 
ideas, that 7^^ ~ || . || on J^{X). Then, by [211 Theorem 4.3], 7l^(/x) < 00, and so, X 
is isomorphic to a complemented subspace of an L^-space which, by [2JJ Theorem 111(b)], 
must be an /Z^-space. But this is impossible since p ^ r. Analogously, if 7^^ ~ || . || on 
J^(y), we find that Y is an Z^^-space as well as an >Cg-space reaching again the same absurd. 
Thus, neither 7/,^ ~ || . || on T(X) nor 7^^ ~ || . || on !F{Y). It follows that A{X © Y) 
cannot be amenable and this concludes the proof. □ 

Remark 4.7. It should be noted that the argument of [9", Theorem 6.9] can be extended 
without difficulty to cover the more general situation of Corollary 14.61 when 1 < p,q < 00. 

We now turn our attention to the second fact mentioned at the beginning of this section, 
namely, the equivalence between surjectivity of A{£p, X)(S^A{X , £p) — > A{X) and openness 
of A{ip,X) X A{X,ip) — > A{X). It is not hard to see that the reason why this last holds 
is that £p = ip{ip) (1 < p < 00), or more precisely, because 7^, being a norm, must satisfy 
the triangle inequality. In what remains of this section we look at this in more detail. 

Let Z be an infinite-dimensional Banach space. Given any pair of Banach spaces (X, Y) 
we let 

7z(r) := inf ■.RS = T, S e T{X, Z) and R £ T{Z,Y)} {T £ T{X,Y)). 

In general 72 need not be a norm on J-{X, Y). For example, let Zn = £p ® £2 for some 
p G (2,00) fixed, let / : £'^ £'^ be the identity map, and let Pi (resp. P2) be the 
natural projection onto the first (resp. last) n coordinates. Then 7z„(-Pi + ^^2) tends to 
00 with n while 7z„(-Pi) + 7z„(-P2) = 2 for all n. Indeed, suppose towards a contradiction 
that 7z„(i-i + P2) < C for some constant C independent of n. Then for every n there is 
En C £p®£2 and a linear isomorphism r„ : £'^ —>■ En such that ||T„ || Hr"-*^ |[ < C. Let Qn be 
the natural projection from £p(B£2 onto £p, and let {xn,i) be a basis for £'„. Without loss of 
generality, let Qnixn,i), ■ ■ ■ , Qn{xn,m) be a maximal subset of linearly independent vectors 
from {^Qn{xn,i) : 1 < « < 2n}, so m < n. Taking linear combinations if necessary, we can 
pass to a new basis of En, Xn,i, ■ ■ ■ , Xn,m,yn,m+i, ■ ■ ■ ,yn,2n Say, in which each yn,i € £2- 



14 



A. BLANCO AND N. GR0NBjGK 



Thus, En contains an isometric copy of £2 ™ turn contains a C-isomorphic copy of 
£2- But this last should hold for every n, which is impossible by [H Example 3.1]. Thus, 
for big enough n, 'yz„ is not a norm. 

Let us say that the Banach space Z has the factorization-norm property if for every 
pair of Banach spaces, {X,Y), 'jz is a norm on J^(X,Y). It is easily verified that if Z 
has the factorization-norm property then jz is an operator ideal norm on T. Also note 
from the example of the previous paragraph that the factorization-norm property is an 
isometric property. 

Corollary 4.8. Let X be an infinite dimensional Banach space such that the algebra A{X) 
is K -amenable. Let P be a bounded projection on X . Set Y = rgP and Z = rg{L — P). 
If both, Y and Z, have the factorization-norm property, then at least one of the maps 

ipY:HZ,Y)x J^{Y, Z) ^ T{Y) or ^z ■ TiJ, Z) x J^{Z, Y) ^ -F(Z) , 

is M-open for some constant M < k'^K'^\\P\\\\I — P\\ with k as in Corollary \^.3\ 

Proof. Since A{X) is JC-amenable it has a BAI of bound K. In turn ^(1") has a BAI of 
bound C = K\\P\\ and A{Z) has a BAI of bound c'^ = K\\I - P\\. As A{Y,Z) is an 
essential Banach left ^(Z)-module and an essential Banach right ^(y)-module we have, 
by [SI Theorem 2.9.24], that 7y < C\\ ■ \\ and 7z < C^W ■ \\ on Z), so cjz < JY < Cjz 
on JF(y, Z). Thus, by Corollarv 14.31 we should have k^'^c^z < 7y < k^C^z on at least 
one of J^{Y) or T{Z) for some constant k. To fix ideas, suppose k~^c7z < 7y < k^C^z 
holds on !F{Y). Since AiY) is an essential ^(y)-module we have, once again by [5l 
Theorem 2.9.24], that 7y < (7|| • || on J-{Y). This last combined with k^'^c^z ^ 7y gives 
that Jz ^ -^11 ■ II on J-{Y), where M < k^C/c, as desired. The case where k^'^cjz ^ 7y ^ 
k'^Cjz holds on T{Z) is treated analogously. □ 

It seems difficult, in general, to determine whether or not a given Banach space has 
the factorization-norm property. It is well known, for instance, that any Banach space 
Z such that Z = lp{Z), in particular, any Banach space of the form ip{E), where E 
is some Banach space and 1 < p < 00, has the factorization-norm property (see [15\ 
Proposition 1]). 

The following proposition is analogous to [15', Proposition 1]. It gives a sufficient con- 
dition for a Banach space to have the factorization-norm property. 

Proposition 4.9. Let Z be an infinite dimensional Banach space such that for every finite- 
dimensional subspace E of Z and every e > there exist finite- dimensional subspaces 
F and G of Z such that E d F, G is {1 + e)- complemented in Z , and for some set 
of vectors {ui,n2} forming a 1 -unconditional basis of their M-linear span we have that 
d{G, F(BuF) < 1+e, where F^^F denotes the direct sum of two copies of F endowed with 
the norm \\{x,y)\\ := || ||a;||z ^1 + ||y||z ^2|| {{x,y) € F (B F). Then Z has the factorization- 
norm property. 

Proof. Of course, only the triangle inequality needs to be verified. For this, let {X, Y) be a 
pair of Banach spaces, let Ti, T2 G J^{X, Y), and let e > be arbitrary. Let Si G J^{X, Z) 
and Ri G T{Z^Y) be such that RiSi = Ti and ||i?j|| HSjH < jziTi) + e {i = 1,2). Set 
E = SiX + S2X C Z and let F and G be finite-dimensional subspaces of Z as in the 
hypotheses. Let L : G ^ F 0„ F be a linear isomorphism such that ||L||||L^"'^|| < 1 + e, 
and let Pq : Z — > G be a projection onto G of norm < 1 -|- e. Let S : X ^ G, x 
L^^{Six, S2X), and let R : Z ^ Y , z t—f {RiPi + R2P2)LPgz, where Pi and P2 denote 
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the canonical coordinate projections onto the first and second components of F (Bu F, 
respectively. 

It is easily seen that Ti + T2 = RS , that 

115*11 < ll^^"*" II II ll'S'l + ||5'2||'U2|| , 

and that 

||ii|| < (l + e)||L||||||i?i|K + p2||'"2||, 
where u^, is the basis dual to ui,U2. By [16| Main Lemma], we can assume that 

||j|5i||ni + ||S'2||u2||||||-Ri|Ki + ||-R2im|| = ll-Rillll'S'ill + 11-^211115*211. 

Then 

Tzm+Ta) < ||fi||||5|| < (l + e)'(||i?i||||5i|| + ||i?2||||S2||) 
< (l + e)2(7^(Ti)+7z(r2) + 2e). 

Since e is arbitrary the desired conclusion follows. □ 

All the following Banach spaces are easily seen to satisfy the condition of Proposition !^^ 
and hence have the factorization-norm property. 

Example 4.10. Any Banach space Z with a 1-unconditional Schauder basis z = 
such that (i) liminf nd{[zi]'^,[zi]f^^) = 1; and (ii) WYl'^Zi'^iZiW = II Z]i=i ^i^ill fo^' 
scalar sequences oi, 02, . . . , a2n and 61, 62, • • • > ^2n such that || XlILi '^«'^«ll ~ II SILi II 
and II E?=„+i aiZiW = \\ E^=n+i ^^^^11 ('^ e N). 

Example 4.11. Any Banach space of the form (©fc-E'A;)z5 where z is as in the previous 
example and = E (k for some Banach space E. 

Example 4.12. Any Johnson space in the sense of [H Definition 3.1]. 

It is unclear, however, whether or not the factorization-norm property is an essential 
hypothesis in Corollary 14.81 In fact, the following argument suggests that the same con- 
clusion or at least a similar one might hold without this assumption. 

Let 1 < p < 00 and let X be an infinite dimensional Banach space such that A{X) 
is i^-amenable. Then A{ip{X)){= Ao{ip{X))) is if-amenable as well. Let P : X ^ X 
be a bounded projection. Set Y = rgP and Z = rg(/ — P). As ip{Y) and ip{Z) have 
the factorization-norm property and || -P : (^piX) ^p(y)|| = ||P|| there is, by 

Corollary 14.81 a constant M, depending only on K and P, so that, at least one of the 
maps, 

V^iAY) • H^piZ),ipiY)) X J^{ep{Y),ipiZ)) ^ H^piY)), 

or 

V>iAZ) ■■ HMY)JpiZ)) X J^{ip{Z),epiY)) ^ HlpiZ)), 
is M-open. To fix ideas, suppose 99^ (y) is M-open. Then 

ifY : Hip{Z),Y) X HYJpiZ)) ^ T{Y), 

is M-open too. 

Remark 4.13. The fact that at least one of the maps ^ep{Y) ^ip{z) above is M-open if 
A{X) is amenable, still holds for p = 1, but this case needs to be treated separately as 
A{ii{X)) ^ AoihiX)) (see Lemma [53] below) . 
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Now let (Tq) be a BAI for J-iY). Then, by the above, we have that for every 1 < p < oo 
and every a there are operators Sa,p ■ Y — > ip{Z) and Ra,p ■ ^p{Z) — > Y such that 

II < M||Tq,||. The fact that M is independent of a and p 
suggests the fohowing might be true: 

■ There exist k £ N and a positive constant M such that for every index a, there 
are operators Ra : ©(Li Z Y and Sa '■ Y —>■ 0^=^ ^ that RaSa = Ta and 
ll-Rallll'S'all < M||Tq,||, that is, the product map 



As announced earher, in the final section of this paper we establish the non-amenability 
of the algebra of approximable operators on the Tsirelson space. In fact, we shall obtain 
this as a consequence of a more general result (see Theorem 15.61 below). 

We start with a definition. It is closely related to the old notion of crude finite repre- 
sentability introduced in |12j . 

Definition 5.1. A Banach space Y is said to be M-crudely vr-finitely representable in a 
Banach space Z if for every finite- dimensional subspace E ofY, there exist a finite-rank 
projection P :Y ^ Y whose range contains E, and operators S : Y ^ Z and R : Z ^ Y 
such that RS = P and ||i?||||5|| < M. 

This last definition is justified by the following. 

Lemma 5.2. Let Y be a iri-space and let Z be a Banach space. Then all the following 
are equivalent: 

a) Y is {M + e) -crudely n-finitely representable in Z for every e > 0. 

b) T{Z, Y) X T{Y, Z) T{Y) is (M + £)-open for every e > 0. 

c) For every e > there exists in J-(Y) a bounded net of projections, (-Pq), converging 
strongly to the identity operator on Y , and such that sxvpalz{Pa) < M -\- e, that 
is, such that Z contains PaY's uniformly (M + e)- complemented. 

Proof. It is easy to see that (o) (b) and (6) ^ (c). That (c) =^ (a) follows from [T71 
Lemma 2.4]. □ 

Remark 5.3. If we simply assume in the last lemma that y is a vTA-space, then still (a) 
<^=^> (c) and (a) ^ (b), but (b) implies that Y is (AM + e)-crudely vr-finitely representable 
in Z for every e > 0. 

Before passing to the main result of the section we need another result that we collect 
as a lemma. 

Let E, F be Banach spaces and let 1 < p < oo. Recall that we have identified £^ 
with the linear span of the first m vectors of the unit vector basis of ip, so we have a 



natural linear isometry A{£^{E),e^{F)) ^ A{e'^{E),£^p{F)), whenever n > m and / > k. 
We denote by Ao{ip{E),e^{F)) (resp. Ao{e'p{E),ip{F))) the inductive limit of the direct 
system formed by the spaces (m G N) (resp. A{£^{E),£^{F)) (A; G N)) to- 

gether with the corresponding isometric embeddings. There are also natural linear isome- 



tries Aoiip{E)jkp{F)) ^ Ao{ip{E) j'^iF)) and A^ii^ (E) , £p{F)) ^ Ao{£^{E) , £p{F)) 




is M-open. 



5. Tsirelson-like spaces 
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{I > k, n> m). We denote by Aq{Ip{E) , £p{F)) the common inductive limit of the direct 
systems formed by {A(^p(-E), ^p(F)) : A: G N} and {Aoii'^ {E) , lp{F)) : m G N} and their 
respective families of isometric embeddings. It is not hard to see that Ao{ip{E) ^ ip{F)) is 
also the inductive limit of the direct system formed by all spaces Aq{P^ {E) , 1^{F)) and 
the isometric embeddings A{q^ {E) , tpiF)) ^ A{e^{E) , £^^{F)) {n>m,l>k). 

Lemma 5.4. Let 1 < p < oo and let X be a Banach space such that A{X) is K -amenable. 
Let P : X ^ X he a hounded projection. Set Y = igP and Z = ig{L — P) . Then at least 
one of the maps 

ifi : Ao{tp{Z),£p{Y)) X Ao{tp{Y),£p{Z)) ^ A^{lp{Y)), 

or 

^2 : AQ{lp{Y),lp{Z)) X AQ{tp{Z),ip{Y)) ^ Ao{£p{Z)), 
is [M + 5)-open for every 5 > and some constant M that depends only on K and \\P\\. 

Proof. Let X be a Banach space such that A{X) is i^-amenable. Then A{ll.p{X)) is K- 
amenable for every n G N and every 1 < p < oo. Let P, Y and Z be as in the hypotheses. 
As II 01 P : lp{X) lp{Y)\\ = \\P\\ (n G N), there exists, by Proposition [121 a constant 
M = M{K, \\P\\) so that for each n G N at least one of the product maps 

(5) 7ri,„ : Aii;iz),i;iY))^Aii;iY),i;iz)) - ^(£^(y)), 

or 

(6) 7r2,n : Ai£;{Y),i;iz))0Aii;iz),i;iY)) Aii;iz)), 

is onto with inversion constant no greater than M. 

Without loss of generality, assume there is an increasing sequence of positive integers, 
(rifc), so that vri^n^. is onto with inversion constant no greater than M for all k. Fix A; G N, let 
e > OandletTG Aii'^^iY)). There isJ2^R^^ Si G A{i^''{Z),i^''{Y))^A{i^''iY),i^''{Z)) 
such that Ylii^i^i = T and ||Pi|| H-SjH < (M + e)||T||. Moreover, we can assume 
limj ll-Rill = = lim, ll^jlj. For each i G N, let Pi denote the coordinate projection of 
ip{(.p^{Y)) onto its i-th summand, and let li denote the embedding of the z-th summand 
into £p(£^'=(y))). Let R = E^R^P^ and S = Then RS = T, WRW^ < J2^ Pill" 

(resp. < maxj||i2j|| if g = oo) and \\S\\^ < X^ill'^'ill^ (resp. < maxi||5i|| if p = oo). 
Furthermore, by |16[ §2], we can choose the i?i's and S'j's in such a way that ||i?||||S'|| < 
(1 + e)Ei Pillll'S'ill, and hence ||i?||||S'|| < (1 + e){M + e)||r||. As this last holds for 
arbitrary e, the bilinear map 

iPn, : Ao{ip{z),e;''iY)) X Ao{£;Hy),Mz)) - ^ n), 

is (M + (5)-open for any 5 > 0. 

Now let T G Ao{ip{Y)) and e > 0. There exists a sequence (T^.) in Ao{£p(Y)) such 
that Tk G A{£'^>={Y)) for every k, Ylk^k = T and W^kW < \\T\\ + e. By the previous 
part, there exist Rk G Ao{ip{Z),e'!^''{Y)) and Sk G Ao{£'!^''{Y),£p{Z)) such that RkSk = 
and ||i?fc||||5fc|| < (M + e)||Tfc|| (k G N). Let vr^ denote the projection of ip{ip{Z)) onto 
its A;-th summand, and let jk denote the natural embedding of the k-th summand back 
into ip{lp{Z)). Define TZ = Rk'^k and S = Ylk^^Sk- Then TZS = T and an argument 
similar to the one of the previous paragraph shows that ||7?.||||5|| < (l+e)(M+e)(|[T|| +e). 
As £p{ep{Z)) = £p{Z), it follows that the product 

if I : Ao{£p{Z),£p{Y)) X Ao{£p{Y),£p{Z)) ^ A^{£p{Y)), 
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is (M + (5)-open for any 5 > 0. □ 

Remark 5.5. When p > 1 things are much simpler. Indeed, in these cases the claim of the 
lemma can be easily obtained from Corollary | 



Theorem 5.6. Let X be a Banach space with a 1 -unconditional basis (xi). Suppose there 
exist 6 > 1 and 1 < p < oo such that 

(i) For each n E N there zs m E N so that if F Q [xj]^^ is a subspace spanned by n 
disjointly supported vectors then ini ^d{F, E) : E is a subspace of Ip^ < 5. 

(ii) inf {d{[xi]'^^-,,E) : E is a subspace of £„} — > oo. 

n 

Then A{X) is not amenable. 

Proof. Suppose towards a contradiction that A{X) is iC-amenable for some K > 1. Let 
(5 > 1 and 1 < p < oo be as in the hypotheses. By Lemma |5.4|, for every m G N at least 
one of the maps 

or 

is M-open, where M depends only on K and the norm of the natural projection Pm '• 
X [xj]™;^. But (p2,m cannot be open since otherwise, by Lemma £pi[xi]^^i) would 
be crudely vr-finitely representable in ^p([xj]™) ~ £p, which is impossible by (ii). Thus, 
ifi^m is M-open and by Lemma [5^21 ^p([xj]™) is (M + l)-crudely 7r-finitely representable 
in £p{[xi]'^_^^i). Note that, as \\Pm\\ = 1 for every m, M is also independent of m. Thus, 
for every m G N and every 1 < n < m there exist operators 

Sm,n '■ [Xi\i=i > ^p([^j]m+l) Rin,n • -^pl [^^ilm+l ) ^ [2^i]j=l! 

SO that Rm,nSm,n = I[xi]'l ^^'^ II -Rm,n || || 'S'm.n || < M + 1. 

What remains follows closely the proof of [3j Prop. VI.b.3]. Let F^^n '■ — Sm,n{[xi]i) ■ 
By [21 Prop. V.6], there are disjointly supported vectors yi,y2, ■ ■ ■ ,yN in ^pi[xi]m+i) such 
that Fm,n is 2-isomorphic to a subspace of F := [yj]i ■ Clearly, we can assume that 
all the yj's have finite support. Let P^, be the projection of £p{[x^]^_^.l) onto its A;-th 
summand. By (i), there exists m so that inf \^d{[Pkyj]jLi, E) : E a subspace of ^p} < 6 
for every /c G N. As F C ( [Pkyj]jLi) it follows from this last and the fact that 
ip = £p{£p), that inf {d{F, E) : E a subspace of £p} < 6, and in turn that inf {(i([xj]", -E) : 
E a subspace of £p} < 26C, contradicting (ii). Thus A{X) cannot be amenable. □ 

We apply Theorem 15.61 to a class of 'Tsirelson-like' spaces introduced in [7J , which 
contains the dual of the original Tsirelson's space as a particular case. 

Let us recall briefly the definition of the dual of Tsirelson's space, T, as given in [3 
§ 2]. Let {tn) denote the unit vector basis of cqo (the space of scalar sequences with finite 
support). If E, F are finite, non-empty subsets of N, we write E < F to mean that 
maxE < minF. For any F C N and any x = Yln^ntn G cqo, define Ex := J2neE '^'^tn- 
Set II . Ilo := II . lico ^'iid, for m > 0, define 

||x||,„+i := max|||x||m,2~^max j^^^.^jl^jxllm | (x G cqo), 
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where the inner maximum is taken over all possible choices of finite subsets Ei, E2, ■ ■ ■ , E/^ 
of N, such that: {k} < Ei < E2 < ■ ■ ■ < Ek- It is easily verified that || . \\m is a norm 
on Coo for every m, and that, for each x S coo the sequence (|| . ||m) is non-decreasing and 
majorized by Thus we can define 

||x|| := lim {x G Coo)- 

The latter is a norm on coo- The dual T* of Tsirelson's space is defined as the completion of 
Coo in the last norm. It is well known that the sequence {tn) is a normalized 1-unconditional 
basis for T*. 

For 1 < p < 00, T^P) is defined as the set of all x = a-ntn such that |ara|^tn G T* , 
endowed with the norm 



(p) 



(x G T 



When 1 < p < 00, T^P^ is the so called p-convexified Tsirelson's space. Clearly, T^^^ is 
nothing but T* itself. 

Many important facts about T*{= T^^^) are shared by the p-convexified Tsirelson's 
spaces. Among them we have the following: 

a) Each T^^^ is reflexive (actually, they are all uniformly convex for p > 1); 

b) Each T^P) contains £p's uniformly (1 < p < 00); 

c) No r(p) contains an isomorphic copy of (1 ^ ^ oo)- 
Moreover, for every p > 1 the norm on T^^^ satisfies 

(7) ||x||(p) =max|||x||o,2-^sup[^^^^J|^,-x||{;J''| (x G T^^)), 

where the inner supremum is taken over all choices of finite subsets Ei, E2, ■ ■ ■ , Ek of N, 
such that: {k} < Ei < E2 < ■ ■ ■ < Ek- Property (6) above follows easily from ([7]). 
We need one more fact about these spaces that we collect in the next lemma. 

Lemma 5.7. Let 1 < p < 00. Then T^p^ is not crudely finitely representable in £p. 

As explained in [3, VLB], this follows on combining results of Lindenstrauss and Pel- 
czynski |20j . and Lindenstrauss and Rosenthal [21]. Precisely, it follows from |20^ Re- 
mark after Prop. 5.2] (see [221 Corollary 8.9] for a proof of this) that if X is a Ba- 
nach space complemented in its bidual such that for some 1 < p < 00, sup{7p(/£;) : 
E a finite-dimensional subspace of X} < 00, then X is isomorphic to a complemented 
subspace of an Lp{fi) space. On the other hand, if X is a complemented subspace of an 
Lp{fi) space, which is not isomorphic to a Hilbert space, then it must be an Cp space [2H 
Theorem 111(b)], and hence it must contain a complemented subspace isomorphic to Ip 
[201 Proposition 7.3]. Thus, if T^p) (1 < p < 00) were crudely finitely representable in £p 
then it would embed complementably in some Lp{iJ,). But T^^^ contains £p's uniformly, 
and so it would contain a complemented copy of £p, which is an absurd. 

Corollary 5.8. The algebra A{T^P'^) {1 < p < 00) is not amenable. 

Proof. We simply note that T^^^ satisfies conditions (i) and (ii) of Theorem 15.61 (1 < p < 
00). Indeed, (i) is an immediate consequence of [21 Proposition 7.3] and dTj) above, while 
(ii) follows easily from Lemma |5.7[ □ 

Remark 5.9. By [9l Corollary 5.5], A{T) cannot be amenable either. 
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